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Abstract 

In this paper, we have obtained motion equations for a wide class of 
one-dimensional singularities in 2-D ideal hydrodynamics. The simplest 
of them, are well known as point vortices. More complicated singulari- 
ties correspond to vorticity point dipoles. It has been proved that point 
multipoles of a higher order (quadrupoles and more) are not the exact 
solutions of two-dimensional ideal hydrodynamics. The motion equations 
for a system of interacting point vortices and point dipoles have been ob- 
tained. It is shown that these equations are Hamiltonian ones and have 
three motion integrals in involution. It means the complete integrability 
of two-particle system, which has a point vortex and a point dipole. 

1. In 2-dinicnsional ideal hydrodynamics of incompressible fluid, point vor- 
tices play an exceptionally important role. Actually, point vortices are the 
well-defined quasiparticles. This means that various flows of ideal fluid can be 
represented as movements induced by a system of interacting point vortices [1] , 
[^. Certain restrictions of this point of view are discussed, in particular, in [3]. 
It is well known that the dynamics of three point vortices is regular while four 
or more point vortices dynamics is chaotic [4] , [5] , [6] , [7] . The generalization of 
such point vortices on sphere or in isolated areas was already done by some au- 
thors [S], [S], (see also [5],[Tn]). Point vortices are also used for two-dimensional 
turbulence models [II]-[I3] and for studies of 2D turbulence spectra. The nature 
of vortices interaction and features of statistically stationery states generation 
are essential [M], [15], as well as the nature of singular velocity field, induced 
by point vortices movements |16| . Besides, point vortices engender more com- 
plicated solutions of 2D Euler equation and magnetic fields configuration in 
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MHD [T7], [11] [IS]- In this paper, we will show that 2D Euler equation has 
exact solutions with more complicate singularities, such as a set of point vortex 
dipoles. Any finite sum of sets of point vortex dipoles and of point vortices 
is also an exact solution for 2D Euler equation with the moving singularities. 
Motion equations for a system of interacting vortices and point dipoles have 
been obtained. It is shown that these equations are Hamiltonian ones and have 
three motion integrals in involution. 

2. In this part, we are going to obtain motion equations of different kind of 
one-dimensional singularity for two-dimensional Euler equations. Let us start 
with two-dimensional case of Euler equation for incompressible fluid: 



^ + V— = - — 
dt •' dxi dx. 



divV = 

Now we shall use the potential </? of velocity fleld which is defined as: 

y^=e,u^ (2) 

Here i — 1,2 and Sik is a unit antisymmetric tensor. After excluding pressure 
we shall consider a well known form of Euler equation: 

^ + {A^,^} = (3) 

Here A is two-dimensional Laplace operator, and {A, B} = £^§--§§- is Poisson's 
bracket. From physical point of view, this means the freezing of vorticity field 
u into the fluid. Now the vorticity uj can be defined as: 

LU = -A(/3 (4) 

Let us suppose, that vorticity field singularities can be defined in terms of gen- 
eralized functions as: 

TV 



-A(^ = ^r„(5(f-x^(t))+ 



Q = l 



OXm 



+ EA^n.W , , +■■■ (5) 

7—1 ^ ^ 

In other words, vorticity field is represented as a sum of point multipoles and 
point vortices. Greek indexes in the right part numerate the corresponding 
objects. The first sum corresponds to point vortices; Fq is vortex stretch and 
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x"{t) is the coordinate of a-th vortex. The second sum corresponds to point 
dipoles; D^{t) is dipole moment and is the coordinate of /3-th point dipole. 
The next contributions correspond to muhipoles of a higher order, e.g. nj-^i^it) 
is quadrupole moment (symmetric traceless tensor) and xj^ (t) is the coordinate 
of 7-th point quadrupole. The sense of the designation is the same as described 
above. 

It is easy to obtain the exphcit form of the potential from equation ([S]) 

1 ^ 

a=l 



13=1 

1 >f , a^in^-^ 

Q Q (6) 

7—1 ^ ^ 

The main problem is to find under which conditions the equation © will be 
compatible with Euler equation (|3]). In order to solve this problem, we have to 
substitute the development (jB]) directly into Euler equation ([3]). Such substitu- 
tion of the equations ([5]) and ([6]) into equation ([3|) leads to the following: 



N 



d<,(t) dSix-x'^it)) 



^-^ \ dt / dx 



M 

E 

/3 = 1 



dD^it) dS{x-4{t)) 




f3=l 



E 



dt dxi, dxi 

7=1 



-V f dx^At) \ d^S(x ~ xj,(t)) 



Here Vi means the components of velocity field calculated with equations ([6]) 
and ([2]). To make it less bulky, we shall write down the dipole and quadrupole 
contributions only. There is no special difficulties in taking into account the 
contributions of higher order multipoles. Let us note that S- functions in the 
equation ([7]) are the functions of both t, and x. Now we shall deal with equation 
([7]) using properties of the generalized functions. In particular, the following 
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well known properties oi S - functions derivatives will be very important (see, 
for example, [20 ] , [21 ] ): 



,^,dS(x-A) d5(x-A) 
"(a^) = ^i^)\s=A- 



dxi 



and 



da{x) 



dxi 



5{x-A) 



x=A 



,^,d^5(x-A) d^5(x-A) 

OXiOXj "x-A dxiOXj 

da{x) d5{x-A) 



dxi 



dxi 



da{x) 



dxi 



dS{x-A) d^a{x) 



x=A 



dxi 



dxidxj 



S{x-A) 



x=A 



(8) 



(9) 



When using these relations, we can obtain 5 - functions derivatives coefficients, 
depending only on time. Then, the equation ([7]) takes the form: 



N 



Q = l 

M / 



dt 



^^\x=x^(t) 



-2E 

13=1 



dt 



dxji 



dSjx-x^jt)) 
dxi 

\ d5{x^4{t)) 



x=xl(t)j 



dxi 



M 

0=1 



' dxjit) 
dt 



dH{x-x-',(t)) 



E 

7=1 V 



dt ^^-^^ 



dV,,ix) 



dxi. 



dv,,{x) 



dxj. 



d^6{x~xlit)) 



■E/^z..w 
7=1 



dt 

dH{x-xl{t)) 

Qxi-y^ dxiQ^ dxi^ 



{v^M\x=x 



'=52(t) 



N 

-E^n..w 
7=1 



x=x^(t) I 
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d5{x-xl{t)) 



+ ■•• = 



(10) 



From (|10p we can obtain the motion equation for interacting singularities and 
the evolution equations for multipole moments. In order to do it, we need to 
have all the coefficients equal to zero before different 5 - functions derivatives 
independently. If all these equations are compatible, then the velocity field, 
generated by potential ([6]) , is the exact generalized solution of two-dimensional 
Euler equation. It is easy to see that if coefficients before generalized functions 
relative to vortexes and dipoles tend to zero, then it gives vortex and dipoles 
motion equations only, as well as evolution law for dipole moment. Further, it 
will be shown that equations of this set are compatible. But the situation is get- 
ting substantially different starting from the quadrupole vortices. As a matter 
of fact, higher order multipole moments give a set of uncompatible equations. 
In general case, the compatibility conditions are satisfied only, if higher order 
multipole moments starting from quadrupole one, are zero. Hence, in two- 
dimensional hydrodynamics only sets of point vortices and point dipoles give 
generalized point solutions. Let us note that singularities motion equations have 
natural physical meaning of the vorticity freezing into medium motions. Thus, 
the motion velocity of a chosen singularity coincides with the medium velocity in 
the same point, induced by all other singularities. From mathematical point of 
view, the selfinteraction is absent in motion equations for dipole singularities as 
well as for point vortices. Unlike point vortices when vortex stretch is constant, 
the dipole moment is function of time. Let us give now the final equations for 
evolution of interacting point vortices and point dipoles: 




(11) 





(12) 




dt 
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(13) 



Equations (jlll) for zero values of dipolc moment coincide exactly with equations 
for point vortices JL . Equations pT|) - ([T^ give a set of compatible equations, 
describing the evolution of interacting N - point vortices and M - point dipoles. 
The set of equations ( P^ - ([T^ for Fq, = 0, describes the evolution of M - points 
dipoles. 

3. Let us consider now some general properties of equations (|llj|13p . First 
of all this system is Hamiltonian with the following Hamiltonian: 



E 



(14) 



■'-di 



First group of terms is a usual interaction energy of point vortices, the second 
group is vortexes and dipoles interaction energy, and the third one is dipoles- 
dipoles interaction. Motion equations (|imi3p have the following Hamiltonian 
form: 

dH 

-..^ (16) 

- -e..^ (17) 

It is well known that for vortices, conjugated canonical variables are its coordi- 
nates. For point dipoles, conjugated canonical variables are dipole moments and 
dipole coordinates. The set of equations (|15m7p has some integrals of motion, 
which are easy to check by direct calculation: 

N M 

a=l (3=1 
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N M 

h^Yl ^"^"2 - X! -^2 const (19) 

Q = l ,9 = 1 

AT M 

J=Y.^a{S^f-2Y,0^ ■4) = const (20) 

These conservation laws are, in a sense, quite similar to the conservation laws, 
known for point vortices systems. Of course, the energy of point vortices and 
point dipoles system is conserved, so H = const. 

The set of equations (jlSlllTp can be written in a more symmetric way with 
the Poisson's bracket: 



dA dB 



^ dA dB OA dB 

Then the Hamilton equations take the canonical form: 

= 71} (22) 



{4vH} (23) 
D^ = {DtH} (24) 

Using Poisson's bracket (PT|) . we can check, that only three from the above 
mentioned invariants are in involution. 

Actually, for four above mentioned motion integrals, one can get: 



{h,H} = {l2,H} = {J,H} (25) 



besides, we obtain 



N 



{/i,/2} = ^r„ (26) 

Q = l 

{/i,J} = 2/2 (27) 

{/2,J}--2/i (28) 

In other words, these integrals are not in involution. We can find by the use of 
Poisson's bracket that 

+ II J} = {II J] + {II J] = (29) 
= 2/1 {/i, J} + 2/2 {/2, J} - 2/12/2 - 2/22/1 = 
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Then, the first three motion integrals are in involution H, J,lf+l2- A particular 
case of these conservation laws for a system of vortices is well-known [l],[8]. 
According to Liouville's theorem, this means that one point vortex interacting 
with one point dipole constitute a completely integrable system. Let us remind 
that for the same reason, the system of three point vortices is also completely 
integrable [U[7]. 
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